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Abstract
We consider the linear nonautonomous system of difference equations xn+1−xn+P(n)xn−k = 0,
n = 0,1,2, . . . , where k ∈ Z, P(n) ∈ Rrxr . We obtain sufficient conditions for the system to be
oscillatory. The conditions based on the eigenvalues of the matrix coefficients of the system.
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1. Introduction
Recently there has been a lot of studying concerning the oscillation of all solutions of
the delay difference equations
xn+1 − xn + pnxn−k = 0, n= 0,1,2, . . . , (1)
where {pn} is sequence of nonnegative real numbers and k is a positive integer.
By a solution of Eq. (1) we mean a sequence {xn} which is defined for n  −k and
which satisfies Eq. (1) for n 0. A solution {xn} of Eq. (1) is said to be oscillatory if the
terms xn of the solution are neither eventually positive nor eventually negative. Otherwise,
the solution is called nonoscillatory.
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214 Ö. Öcalan, Ö. Akin / J. Math. Anal. Appl. 283 (2003) 213–218In 1989, Erbe and Zhang [1] proved that every solution of Eq. (1) oscillates if
lim inf
n→∞ pn >
kk
(k + 1)k+1 (2)
or
lim sup
n→∞
n∑
s=n−k
ps > 1 (3)
be satisfied.
In the same year, Ladas et al. [2] proved that every solution of Eq. (1) oscillatory if
lim inf
n→∞
[
1
k
n−1∑
i=n−k
pi
]
>
kk
(k + 1)k+1 (4)
holds.
When p(n)= p for n= 0,1,2, . . . , Eq. (1), conditions (2) and (4) reduce to
p >
kk
(k + 1)k+1 (5)
which is a necessary and sufficient condition to be oscillatory of all solutions of the differ-
ence equation
xn+1 − xn + pxn−k = 0, n= 0,1,2, . . . , (6)
where p ∈ (0,∞), k ∈ Z+.
In 1990, Chuanxi et al. [3] have given the necessary and sufficient conditions to be
oscillatory of all solutions of the linear, autonomous difference equation
xn+1 − xn + Pxn−k = 0, n= 0,1,2, . . . , (7)
where P ∈ Rrxr , k ∈ Z, and detP 
= 0. By a solution of system (7) we mean a sequence
{xn} of vectors in Rr for n= 0,1,2, . . . , which satisfies system (7). Let {xn} be a solution
of system (7) with xn = [x1n, x2n, . . . , xrn] for n= 0,1,2, . . . . We say that the solution {xn}
oscillates componentwise or simply oscillates if each component {xin} for i = 1,2, . . . , r
oscillates. Otherwise the solution is called nonoscillatory.
Lemma 1.1. Let k ∈ Z, P ∈ Rrxr , and detP 
= 0. Then every solution of system (7) oscil-
lates if and only if
det
[
(λ− 1)I + Pλ−k]= 0
the characteristic equation of system (7) has no positive roots [4].
2. Sufficient conditions for oscillations
The main result in this section is the following theorem involving sufficient conditions
for the oscillation of all solutions of system
yn+1 − yn + P(n)yn−k = 0, n= 0,1,2, . . . . (8)
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= 0 for ∀n ∈N .
Then every solution of system (8) oscillates if one of the following conditions holds:
(i) k = 0 and lim supn→∞µ(I − P(n)) < 0;
(ii) k =−1 and lim supn→∞µ(I + P(n)) < 0;
(iii) k  1 and lim infn→∞µ(P(n)) > kk/(k + 1)k+1;
(iv) k −2 and lim supn→∞µ(P(n)) < kk/(k + 1)k+1,
where µ(P(n)) denotes any real eigenvalue of P(n).
Proof. (i) k = 0. In this case the system (8) becomes
yn+1 − yn + P(n)yn = 0. (9)
Characteristic equation of system (9) is
det
[
λI − I + P(n)]= 0 (10)
which can also be written as
det
[
λI − (I − P(n)]= 0.
Thus Eq. (10) eventually has no positive roots if (I − P(n)) eventually has no positive
eigenvalues. That is
lim sup
n→∞
µ
(
I − P(n))< 0.
(ii) k =−1. In this case the system (8) becomes
yn+1 − yn + P(n)yn+1 = 0. (11)
Characteristic equation of system (11) is
det
[
λI − I + P(n)λ]= 0 (12)
and
det
[
I − λ−1I + P(n)]= 0
which can also be written as
det
[
λ−1I − (I + P(n))]= 0.
Thus Eq. (12) eventually has no positive roots if (I + P(n)) eventually has no positive
eigenvalues. That is
lim sup
n→∞
µ
(
I + P(n))< 0.
(iii) k  1. In this case the system (8) characteristic equation becomes
det
[
λI − I + P(n)λ−k]= 0 (13)
and
det
[
λk+1I − λkI + P(n)]= 0
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det
[(
λk − λk+1)I − P(n)]= 0.
In this case we take the following function v(λ)
v(λ)= λk − λk+1.
It is clear that v(λ) is a continuous function on (0,∞),
max
λ>0
v(λ)= k
k
(k + 1)k+1 and limλ→∞v(λ)=−∞.
Thus the image of (0,∞) under v(λ) is (−∞, kk/(k + 1)k+1]. Therefore Eq. (13) eventu-
ally has no positive roots on the interval (−∞, kk/(k + 1)k+1] if P(n) eventually has no
eigenvalues in (−∞, kk/(k + 1)k+1]. That is
lim inf
n→∞ µ
(
P(n)
)
>
kk
(k + 1)k+1 .
(iv) k −2. In this case the system (8) characteristic equation becomes
det
[
λI − I + P(n)λ−k]= 0
and can be taken as v(λ)= λk − λk+1
min
λ>0
v(λ)= k
k
(k + 1)k+1 and limλ→0v(λ)=∞.
Thus the image of (0,∞) under v(λ) is [kk/(k + 1)k+1,∞). Therefore Eq. (13) eventu-
ally has no positive roots on the interval [kk/(k + 1)k+1,∞) if P(n) eventually has no
eigenvalues in [kk/(k + 1)k+1,∞). That is
lim sup
n→∞
µ
(
P(n)
)
<
kk
(k + 1)k+1 . ✷
Corollary 2.2. Let P(n) ∈ Rrxr , k ∈ Z, and detP(n) 
= 0 for ∀n ∈N . Then every solution
of system (8) oscillates if and only if one of the following conditions holds:
(i) k = 0 and µ(I − P(n)) < 0 for ∀n ∈N ;
(ii) k =−1 and µ(I + P(n)) < 0 for ∀n ∈N ;
(iii) k  1 and µ(P(n)) > kk/(k + 1)k+1 for ∀n ∈N ;
(iv) k −2 and µ(P(n)) < kk/(k + 1)k+1 for ∀n ∈N ,
where µ(P(n)) denotes any real eigenvalue of P(n).
Proof. For the proof see Lemma 1.1 and Theorem 2.1. ✷
Theorem 2.3. Suppose that {pn} is a nonnegative sequence of real numbers and let k be a
positive integer. Then the following statements are equivalent:
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n→∞ pn >
kk
(k + 1)k+1 ;
(b) lim inf
n→∞
[
1
k
n−1∑
i=n−k
pi
]
>
kk
(k + 1)k+1 .
Proof. (a) ⇒ (b). If (a) holds, that is to say
lim inf
n→∞ pn = lim infn→∞ pn−1 = · · · = lim infn→∞ pn−k.
Then we can write the expression (a) as
lim inf
n→∞ pn =
1
k
[
lim inf
n→∞ pn−k + · · · + lim infn→∞ pn−1
]
>
kk
(k + 1)k+1
so
lim inf
n→∞
[
1
k
n−1∑
i=n−k
pi
]
>
kk
(k + 1)k+1 .
(b) ⇒ (a). If (b) holds, then
lim inf
n→∞
[
1
k
n−1∑
i=n−k
pi
]
>
kk
(k + 1)k+1
and [
1
k
(
lim inf
n→∞ pn−k + · · · + lim infn→∞ pn−1
)]
>
kk
(k + 1)k+1
finally[
1
k
(
k lim inf
n→∞ pn
)]
>
kk
(k + 1)k+1 . ✷
Remark 2.1. In [1,2] it has been proved respectively that the conditions (a) and (b) in the
above theorem are the sufficient conditions for the oscillations of all solutions of Eq. (1).
Theorem 2.4. Suppose that {µ(P(n))} is a sequence of real numbers and let k be a pos-
itive integer. Then the following statements are equivalent. Where µ(P(n)) defined as in
Theorem 2.1:
(a) lim inf
n→∞ µ
(
P(n)
)
>
kk
(k + 1)k+1 ;
(b) lim inf
n→∞
[
1
k
n−1∑
i=n−k
µ
(
P(i)
)]
>
kk
(k + 1)k+1 .
Proof. (a) ⇒ (b). If (a) holds, that is to say
lim infµ
(
P(n)
)= · · · = lim infµ(P(n− k)).
n→∞ n→∞
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lim inf
n→∞ µ
(
P(n)
)= 1
k
[
lim inf
n→∞ µ
(
P(n− k))+ · · · + lim inf
n→∞ µ
(
P(n− 1))]
>
kk
(k + 1)k+1
and
lim inf
n→∞
[
1
k
n−1∑
i=n−k
µ
(
P(i)
)]
>
kk
(k + 1)k+1 .
(b) ⇒ (a). If (b) holds, then
lim inf
n→∞
[
1
k
n−1∑
i=n−k
µ
(
P(i)
)]
>
kk
(k + 1)k+1
and [
1
k
(
lim inf
n→∞ µ
(
P(n− k))+ · · · + lim inf
n→∞ µ
(
P(n− 1)))]> kk
(k + 1)k+1 ,
finally
=
[
1
k
(
k lim inf
n→∞ µ
(
P(n)
))]
>
kk
(k + 1)k+1
and the proof is completed. ✷
Corollary 2.5. Suppose that {µ(P(n))} is a sequence of real numbers and let k be a posi-
tive integer. Then the condition (b) of Theorem 2.4 that is
lim inf
n→∞
[
1
k
n−1∑
i=n−k
µ
(
P(i)
)]
>
kk
(k + 1)k+1
is a sufficient condition for every solution of system (8) to be oscillatory.
Proof. For the proof see Theorems 2.1 and 2.4. ✷
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